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Nomenclature

Roman Symbols

A = plant matrix
a = semimajor axis
B = deterministic matrix
e = eccentricity
ec = control error vector
GM = gravitational parameter
i = inclination
K = gain matrix
l = reference separation between the occulter

and the coronagraph
M = mean anomaly
Q = control error weighting matrix
R = control input weighting matrix
r = position in Earth-centered inertial coordinates
u = control input
v = velocity in Earth-centered inertial coordinates
x = state vector in Earth-centered inertial coordinates

Greek Symbols

� = right ascension of ascending node
! = argument of perigee

Subscripts

cs = coronagraph satellite
cs, ref = reference trajectory for the coronagraph

max = maximum value
os = occulter satellite
� = Earth
� = Sun

I. Introduction

T HE benefits of satellite formation flying (FF), whereby a
number of individual spacecraft can operate cooperatively to

define a single mission, have been widely discussed throughout the
space engineering literature [1]. Some of the remarkable advantages
that FF offers over single monolithic satellites are baseline reconfig-
uration and redundancy, which together can enhance scientific return
and lessen the impact of possible technical failure. In most FF
missions [1,2] the trajectories of the satellites are defined by natural
orbits and are optimized for long-term stability and control
minimization. However, the applications roadmap of FF missions
also demands for nonnatural, relative trajectories. This is the case of
the third Project-for-Onboard-Autonomy (PROBA-3) mission [3],
which is part of the In-Orbit Technology Demonstration Program of
the European Space Agency.

PROBA-3 was conceived to demonstrate technologies that will be
required for autonomous guidance, navigation, and control (GNC) of
FFmissions ofmultiple spacecraft. Currently in its preparatory study
phase, PROBA-3 will comprise two independent, three-axis
stabilized spacecraft flying close together, andwill have the ability to
control the attitude of both satellites, as well as their relative
separation, with high accuracy. Using global positioning system
(GPS) and laser-based, optical metrology data for accurate
navigation and control, as well as cold-gas or electrical thrusters for
agile maneuvering, the combined system is expected to achievemm-
level accuracy in relative positioning over satellite separations
ranging between 25 and 250 m [1].

The two PROBA-3 satellites will operate as a virtual telescope
enabling the study of the Sun’s photosphere, with one satellite, the
occulter, casting a shadow on the second satellite, the coronagraph,
which carries the scientific payload instrument. Scientific operations
require that during data collection, the distance between the two
elements of this virtual telescope and the alignment of its axis with
the Sun’s direction remain unchanged, which a control law must
guarantee. In [4], the authors presented a GNC system concept for a
complete set of PROBA-3 mission phases (i.e., experimental,
nonexperimental, and deployment). Their control law was designed
as a nonlinear dynamic inversion with reference dynamics provided
by a proportional-integral-derivative controller. They also used a
functional (i.e., software) engineering simulator for algorithm vali-
dation. [5] proposed several control laws and carried out a detailed
performance assessment. The main control law therein implicitly
used Lyapunov’s stability theory for the design of a nonlinear
expression and its proof of convergence. However, that main control
law did not outperform the other simpler algorithms, such as the
Linear Quadratic Regulator (LQR) solution, except under very
particular conditions.

The LQR technique has been extensively used in FF attitude and
orbit control systems, mainly for long-term maintenance [6–8]. For
example, the LQR is used in [9] through a tree digraph representation
of the relative along-track displacements for the control of satellite
constellations. In [10] a linear pulse control is developed based on a
discretization of the dynamics and the LQR technique. More
recently, a digital LQR control scheme has been presented in [11] to
maintain the separation of the tetrahedron constellation along an
elliptical orbit using the linearized Tschauner–Hempel equations of
motion. In [5], the authors developed a control scheme to follow a
nonnatural relative trajectory along a high elliptical orbit (HEO).
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This study focuses on the design and validation of a control law for
FF acquisition and keeping of a virtual telescope that follows a
nonnatural relative trajectory, as is the case with the PROBA-3
mission. The control law that is presented in Sec. II is based on an
LQR solution of a time-invariant linear system and, because of its
simplicity, could be used for onboard autonomous control of
PROBA-3. In this mission, the control system is expected to interact
with a navigation system that relies on data from GPS, an optical
relative metrology system, or both. Emphasis has thus been given to
performance validation of the control law under realistic experi-
mental scenarios using hardware-in-the-loop simulations, as
described in Sec. III. The hardware-in-the-loop [12] simulations
were carried out on the formation flying testbed (FFTB) platform at
theGermanSpaceOperationsCenter (GSOC),which includes aGPS
navigation algorithm originally developed for the PRISMA FF
mission [13]. A simple algorithm for optical navigation was also
embedded in the FFTB to simulate PROBA-3 experimental con-
ditions. Results from the performance evaluation of the complete
GNC system for a PROBA-3-like configuration are presented in
Sec. IV.

II. Design of an Autonomous Relative Control System

The relative control algorithm discussed here involves an auton-
omous FF mission composed of two spacecraft in a HEO around
Earth operating as a virtual telescope for astronomical observations.
The control system is therefore suitable for the PROBA-3 mission
which, as indicated above, consists of two spacecraft, known as
occulter and coronagraph after their respective payload. For such a
mission, the astronomical object of interest is the Sun,withwhich the
two-element virtual telescope must be aligned to enable operations
during the apogee passage. Based on the mission characteristics of
PROBA-3, the occulter is assumed to follow a natural trajectory
along a HEO. The coronagraph, in turn, contains an onboard control
system, which must ensure that the coronagraph is shadowed by the
occulter, is kept at a fixed distance from it, and is aligned with the
occulter and the Sun.

Furthermore, due to the significant forces exerted on the telescope
at low orbital altitudes [5], whichwill disrupt the FF, the coronagraph
is also assumed to perform some collision avoidance maneuvers
before the perigee passage and to have all formation controls disabled
at those altitudes. After emergence from perigee and once the
formation reaches a predetermined altitude, the formation will need
to be reacquired from a variable initial error and be kept in FF
configuration to within mm-level accuracy for the remainder of the
apogee passage. For the design of a continuous control, it is therefore
assumed that the coronagraph will carry a low-thrust propulsion
system that can operate at high frequency and with mN-level
accuracy.

In [5], three control laws were introduced and assessed based on
different approximations of the relative dynamics. The main control
therein consisted of two terms: the first served to cancel relative
accelerations; the second was a time-invariant, linear term. The other
two control laws, on the other hand, did not include the first term.
Numerical simulations showed that the cancellation of relative
accelerations resulted in a significant reduction in relative position
error when the formation was close to its reference position and the
relative accelerations were large. This result, together with the
appealing simplicity of a time-invariant linear system for auton-
omous onboard control, justified the selection of the linear control for
formation acquisition.

A. Formation Acquisition Relative Control

Building on those results, the linear control function proposed has
the form u��Kec, where the gain matrix K is now the solution of
an LQR control. To consider such a solution, a linear approximation
of the control error dynamics is also desired. Such approximation
for the optimization of K is possible under the hypothesis that the
formation follows a periodic orbit around Earth and that the
intervehicle separation is small compared with the distance to Earth
[5]. The approximation consists in

_e c � Aec � Bu; A�
0 I3

� GM�
krosk3

I3 0

� �
; with B� 0

I3

� �

(1)

where ec � xcs � xcs;ref , and x� �r; v� is in an ECI frame.
Note that because the time dependence of A comes through ros,

and the GM�=krosk3 term is small (e.g., less than 10�7 s�2 at an
altitude of 17,000 km), the effect of variations of this term on the
LQR solution is not significant (e.g., less than 0.004% in 2 hr).
Hence, in practice, the term GM�=krosk3 can be assumed to be
constant over time segments of appropriate duration, thus incorpo-
rating time-invariance into the dynamics by splitting the orbit in
individual arcs. This formulation enables the definition of the control
input u as an LQR solution for an invariant system [5,14–16].

B. Formation Keeping Relative Control

The time-invariant, linear approximation above, though justified
for the definition of a control law, may lead to some level of error if
such control is applied for sufficiently long periods. The error would
have a deleterious effect on the resolution of the virtual telescope and
thus the quality of its observations. Therefore, the relative control
presented above will be used for formation acquisition, whose
accuracy requirements are typically more relaxed than those of
formation keeping, and a slight modification will be introduced to
improve the accuracy of the latter. The aim here is to reduce the
cumulative error as well as the error in relative position and velocity
during formation keeping maneuvers. To accomplish this, the state
vector is extended to also include the integral of the position, thus
x� �

R
r dt; r; v�, and define the extended error vector as before,

ec � xcs � xcs;ref . The associated dynamic and projection matrices
are now
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As before, time-invariant systems along consecutive orbit arcs lead to
the definition of a new linear control u��Kec, where K, in this
case, is the solution of the LQR problem for the extended system.
Note that the additional computational needs associated with
calculating the integral of the position error is minor since it can be
approximated by the cumulative sumof the errors (from steady-state)
times the sampling time.

III. Validation Using an Experimental Platform

The validation of the control scheme presented above involved
running simulations in the GPS hardware-in-the-loop FFTB
developed at GSOC. The testbed was originally designed for the
validation of the navigation and control of the flight software of
PRISMA [12,13], but can be adapted to other real-time embedded
GNC systems such as PROBA-3. Since there are substantial
differences between PRISMA and PROBA-3, some FFTB upgrades
were necessary for simulations involving the latter mission. The
following sections describe the most relevant features of the FFTB,
the upgrades that were implemented, and the complete set of GNC
algorithms embedded in the platform.

A. The FFTB

The GSOC FFTB integrates four units to simulate the different
aspects of an FF mission. The spacecraft dynamics and charac-
teristics are emulated by the flight control computer (FCC), which
computes the orbit and attitude of each spacecraft using precise force
models of the dynamics (see below) and takes into account the effect
of the control actions sent by the onboard software. This unit also
drives the GPS signal simulator (GSS), a Spirent GSS7700, which
simulates the radio frequency signals that are fed to each GPS
antenna in the formation. These signals are processed by two single-
frequency Phoenix GPS receivers that feed the onboard computer
(OBC), which, in turn, embeds the complete GNC flight software
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built fromMatlab/Simulink S-functions. Both the FCC and the OBC
currently share the samex86 architecture. (See [12] for further details
on the platform architecture and models.)

B. Upgrades to the FFTB

Two specific upgrades were necessary to make the FFTB platform
suitable for the validation of the control scheme presented for
PROBA-3. First, a distinctive feature of PROBA-3 is the shadow that
the occulter casts on the coronagraph surface. The relative solar
radiation pressure (SRP) and Earth’s gravity are the two most
important contributions to the relative dynamics between the two
spacecraft [5], but the former did not describe the peculiar config-
uration of PROBA-3. The dynamical models of the FCC were
therefore modified to account for the effect of the occulter shadow on
the coronagraph in the computation of the relative SRP. Second, the
FFTB metrology system was limited to using only GPS sensors. At
high HEO altitudes (where no GPS satellites are in view), an addi-
tional metrology system was thus required. As envisaged for
PROBA-3, an optical metrology system consisting in optical sensors
[17] were modeled to provide high-accuracy estimates of the
intervehicle separations. The PROBA-3 optical metrology system is
supposed to provide observations at a sampling rate of 10 Hz, with
1 cm lateral accuracy and 1 arcsec longitudinal accuracy. Note that
for the baseline length for Sun observation (i.e., 150m), lateral errors
dominate the observations error budget. Table 1 summarizes the
main characteristics of the sensors and actuators considered in the
final configuration of the FFTB.

C. GNC Algorithms Embedded in the FFTB

The navigation system for PROBA-3 relies on twometrology units
working in tandem: GPS and the relative optical system. Figure 1
illustrates the architecture of the GPS-based navigation system for
PROBA-3, which reproduces the architecture of PRISMA. This
system is split into three modules that are integrated in the onboard
software of the coronagraph and are run at different rates. First, the
GPS interface receives GPS messages issued by the Phoenix GPS
receivers, at a rate of one message per second, and performs data
collection and coarse editing prior to GPS-based orbit determination.
Second, the GPS orbit determination (GOD) runs an extended
Kalman filter to process group and phase ionospheric correction
observables, as well as single-difference carrier-phase measure-
ments, at a rate of once every 30 s. Attitude data from both spacecraft

and a history of maneuver data is provided to GOD for orbit
determination. GOD performs a numerical orbit propagation that is
invoked after the measurement update and provides the GPS orbit
prediction (GOP) with orbit coefficients for interpolation for both
spacecraft. Last, the GOP module interpolates the orbit coefficients
provided by the GOD and supplies the various GNC core functions,
and the payload, with continuous position and velocity data of both
vehicles at 1 Hz rate. Because of the different data rates of the GPS-
based navigation modules, orbit maneuver data have to be taken into
account in both GOD and GOP. In particular, at each GNC step, the
GOP must account for maneuvers that were considered by the GOD
in the last orbit determination/prediction process. Table 2 describes
the force models included in the propagation step in the GOD.

The architecture of the optical-based navigation system is quite
simple. This system comprises two components, determination and
prediction,which run once every 6 s and 1 s, respectively. In this case,
the determination unit has been designed as a least squares filter that
combines cumulated optical observations, collected at 10 Hz, over
the last 6 s. The optical navigation system is used at high altitudes,
where forces such as Earth’s oblateness and the atmospheric drag
are negligible, and the propagator is based on a simple Keplerian
model. The inclusion of the SRP in this propagation was deemed
unnecessary since the maximum integration duration is a few
seconds.

Equation (3) defines the guidance system implemented for the
occulter. For this computation, the system uses the relative position
and velocity of the coronagraph on the reference trajectory. These are
calculated using a low-precision ephemeris of the Sun and the
estimated position of the occulter which, at high altitudes, is a
propagation of the last estimate obtained from the GPS data:

xcs;ref � xos � l
�
xos � x�
kxos � x�k

�
(3)

D. Scenario

The reference orbit for PROBA-3 is a HEO to avoid perturbations
of the relative dynamics during the apogee passage, when the virtual
telescope is collecting scientific data. The Keplerian parameters of
this orbit are �a; e; i;�; !;M� � �42; 241 km; 0:778; 0:6981 rad;
0 rad; 0 rad; 1:02 rad�, which is a one-day orbit. During Sun’s
corona observations, both spacecraft should be aligned with the Sun,
and they should preserve a baseline distance of 150 m to operate as a
virtual telescope.

Table 1 FFTB sensors and actuators

Signal simulators Spirent GSS7700 Analytical models for optical data with random noise

Sensors Single-frequency Phoenix GPS receivers at 1 Hz Optical data at 10 Hz
Actuators Low-thrust propulsion system

GPS interface (GIF)
1 s

GPS-based Orbit
Determination (GOD)

30 s

GPS-based Orbit
Prediction (GOP)

1 s

Orbit OrbitGPS data

Maneuver data

Attitude
data

GPS data

Coronagraph GPS

Occulter GPS

A-priori thrust info
(Coronagraph)

Attitude sensors
(Occulter)

Phoenix GPS receiver
(Coronagraph)

Phoenix GPS receiver
(Occulter)

Coronagraph and
Occulter states Users

Maneuver data

User time

On-board Computer
(Coronagraph)

Attitude sensors
(Coronagraph)

Inter Satellite Link Inter Satellite Link

Fig. 1 Proposed architecture of the GPS-based navigation system for PROBA-3.
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The various GNC modes are summarized in Table 3. The GPS
component of the navigation system requires simultaneous
observations from a minimum of four satellites. In the simulations,
this requirement can be fulfilled between the perigee and orbital
altitudes slightly higher than 17,000 km. Therefore, the relative
navigation system has been designed to switch from GPS data to
opticalmetrology at that altitude. The control system is enabledwhen
the two spacecraft reach an altitude of 11,000 km. (The spacecraft
were in free-flying mode before reaching that altitude.) First, the
control starts as formation acquisition, which lasts until an altitude of
19,000 km. Then the control switches to formation keeping, and is
coupled with a navigation based on the optical metrology system.

The optimum solution of the LQR depends on the definition of a
cost function J, which depends on twoweightingmatrices,Q, for the
control error and, R, for the control input [14,15]. These matrices
were defined in the simulations according to the maximum size
technique, i.e., defining a maximum threshold for the error in the
integral, position, and velocity �imax; xmax; vmax�, and for the control
input umax. The weighting matrices are then defined as

Q� x�2maxI3 0

0 v�2maxI3

� �
or Q�

i�2maxI3 0 0

0 x�2maxI3 0

0 0 v�2maxI3

0
@

1
A

for formation acquisition and keeping, respectively, and R� u�2maxI3.
The selection of optimum values for imax, xmax, vmax, and umax is
usually a critical aspect [5], and obviously depends on the control
mode. In this case, the set of optimum values were found to be
�xmax; vmax; umax� � �1; 10�2; 10�4� for formation acquisition, and
�imax; xmax; vmax; umax� � �0:1; 10�3; 10�5; 10�6� for formation
keeping.

As previouslymentioned, theKeplerian orbit is split into a number
of nonoverlapping arc segments for a time-invariant approximation
of the dynamics in the computation of the feedback matrix K.
Choosing arc segments of 2-h duration results in LQR solutions that
vary less than 0.004% during that time, thus, keeping errors within
bounds. Furthermore, the storage capacity of the gain matrices for
2-h updates is also negligible.

The physical characteristics of the spacecraft used in the
simulations are summarized in Table 4. For lack of better definition, it
is assumed that the Sun-facing surface of the satellites are discs of
radius Ros and Rcs, respectively. The thrusters are assumed to reach
0.04N before saturation, and have a thrust resolution of 10�6 N [17].

The FFTB also allows to account for several small transmission
and computation delays, which have been fixed in the simulations to

values similar to those of PRISMA. Specifically, the values used are
1 s for data transmission and observer computation delays, 1 s for
control computation and transmission delay, and 0.5 s for propulsion
delay.

IV. Results and Discussion

Shown in Fig. 2 are the errors of the relative navigation estimates.
The large initial error in relative navigation arises from the FFTB,
which takes �1 min to have all its units activated from a cold start,
and, more importantly, from the GPS navigation system, which
typically needs �20 min for signal acquisition and filter con-
vergence. Furthermore, the control system is enabled at �0:005
orbit-time units (see Table 3), i.e., before thefilter has reached steady-
state. In nominal conditions, when no maneuvers are performed
before the filter converges, the relative GPS navigation system is
expected to reach centimeter-level accuracy. Despite the initial
estimation error caused by an anticipated initiation of maneuvers,
and up to�0:013 orbit-time units, the navigation error remains at the
few-decimeter level (Fig. 2a). The navigation filter is able to perform
a measurement update at �0:0185 orbits-time units. Between that
epoch and 0.024 orbits-time units, the quality of the satellite
geometry significantly reduces, and the Kalman navigation filter
responds by implementing only the time update step. A steady
increase in navigation error ensues from only propagating the orbit,
as one would expect.

The GPS observations are used through �0:024 orbit-time units,
when the altitude of the formation reaches 17,000 km, (see Table 3).
By that time, the intersatellite optical beam has already entered the
field of viewof the optical sensor, and the navigation system switches
from using GPS to using optical data. This result in an immediate
improvement in the navigation error budget (Fig. 2a). Since the
optical metrology system is supposed to be active in background
mode some time before the switch occurs, the filter has already
converged at the time of the switch. The position error from that time
and for the rest of the orbit is reduced to 0.3 cm, in root-mean-square
(RMS) sense (Fig. 2b), and to 0:035 cm=s in velocity (not shown).
The error budget of relative navigation is summarized in Table 5.

Table 2 Force models included in the FCC and the navigation algorithms of PROBA-3

—— FCC PROBA-3

Earth gravity GRACE Earth gravity model (GGM01S) [2] Gravity expansion in spherical harmonics
up to order and degree 20 [18]

Solar perturbations Analytical ephemeris based on a modification
of Newcomb’s tables [19–21]

Low-precision solar coordinates [18]

Lunar perturbations Analytical ephemeris based on a modification
of the improved lunar ephemeris [21–23]

Low-precision lunar coordinates [18]

Atmospheric drag Gill–Jacchia flux atmospheric density model [24] Harris–Priester atmospheric density model [18]
SRP Cannonball model for the Earth shadow [18] and a grid-based

conical model for the occulter shadow [5]
Cannonball model for the Earth shadow [18].
Effect of the occulter shadow not included

Tidal effects IERS model [25] Not included
Relativistic effects Included [18] Not included
Empirical forces Not included Included [18]

Table 3 GNC modes of operation

Altitude, km <11000 11,000–17,000 17,000–19,000 >19; 000
Time (in-orbit-units) <0:0047 0.0047–0.0240 0.0240–0.030 0.030–0.960
Metrology GPS GPS optical optical
Control free-flying acquisition acquisition keeping

Table 4 Physical characteristics of the PROBA-3 spacecraft

—— Mass, kg Radius, m Area, m2 Reflectivity coefficient

Occulter 200 1 3.1416 1.3
Coronagraph 200 0.75 1.7671 1.3
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The guidance system needs the positions of the Sun and the
occulter to compute the unitary vector in the direction of the occulter
shadow [see Eq. (3)]. As described earlier, the guidance system uses
low-precision Sun coordinates and the propagation of the last
estimate of the occulter position in an ECI frame that was obtained
using GPS data. Although absolute errors in these estimates may be
large by the end of the apogee passage, the error of the unitary
shadow vector on the reference position of the coronagraph is equal
or smaller than 0.06 cm throughout the entire orbit, and 0.03 cm in
RMS sense, thus negligible.

Current mission specifications call for collision avoidance
maneuvers to be executed right before the perigee passage while the
spacecraft are in free-flying mode. The position error of the
coronagraph relative to its reference position at the end of this
passage can vary depending on those maneuvers. In the simulations,
it is assumed that the perigee passage ends at�0:005 orbit-time units
(or equivalent altitude of 11,000 km) and that the control error has
grown to 8mby that time (Fig. 3), which is a reasonable level of error.
Upon enabling the control (at�0:005 orbit-time units) in formation
acquisition mode, the error decreases quickly, down to 0.47 m by the
end of the GPS relative navigation phase (at �0:024 orbit-time
units). When the metrology system then switches to using optical
observations, the control error continues to decrease, down to 0.21m
by the end of the control phase in formation acquisitionmode (i.e., by
�0:03 orbit-time units, or 19,000-km altitude). At that point, the
control switches to formation keeping mode, and the concomitant
reduction in control error is very significant, reaching centimeter
level in less than 0.01 orbit-time units (see also Fig. 4). This overall
error reduction represents an improvement in control performance of
�2000%, which largely results from the extension of the control law
to include a position-integral term.

Except for the initial control action (i.e., at �0:005 orbit-time
units), the magnitude of the thrusting necessary to achieve this
control error is at the level of a few tens of mN, thus within the
capabilities of PROBA-3 thrusters. As representative statistical
figures, the largest, RMS, and mean value of the control error during
formation keeping are 2.48, 0.63, and 0.05 cm, respectively. As for
themagnitude of the control action, the same statistics are 47, 10, and
8 mN.

The control action during the formation keeping phase contains
high-frequency variations in all three components (Fig. 4). (The low-
frequency variation in the x and y components results from the
change in relative orientation of the two spacecraft, which is required
to keep the telescope pointing in the direction of the Sun as the
spacecraft orbit around the Earth.) Simulations revealed that the
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high-frequency oscillations arise from errors in relative velocity
estimates (not shown), and that the oscillations vanished in the
absence of velocity errors. This result implies that further refinements
in control error could be gained by reducing the cost of the control by
improving the estimates of relative velocity.

Errors in attitude determination could have an effect on the relative
orbit control system. However, attitude determination and control
of PROBA-3 is expected to achieve arcsec-level accuracy [17].
Therefore, these errors are not expected to have a perceptible impact
on orbit determination and control, and have not been considered in
the simulations.

V. Conclusions

The GNC algorithms presented and validated here have been able
to acquire the two-element telescope formation of the PROBA-3
mission from an a priori control error of 8 m. The control error
becomes subcentimeter (0.6-cm RMS) for more than 90% of its
HEO. This error level relies on the use ofGPSobservations for coarse
navigation and of an optical system for fine navigation. The
navigation error of the latter is�0:3 cmRMS.The control presented,
a LQR solution of a linear control algorithm, can be used for both
formation acquisition and formation keeping. The inclusion of a
simple position-integral term in the formation keeping version results
in an error reduction of�2000% relative to the formation acquisition
version.

More generally, this study demonstrates that a simple control
design coupled to an accurate navigation system can be used to fulfill
stringent formation acquisition and formation keeping requirements.
Although the study focuses on the experimental phase of PROBA-3,
the present strategy could be easily adapted to other formations in a
planetary orbit environment that have to follow nonnatural relative
trajectories.
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